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The coherence times of dopant pentavalent chromium ions in CaWO4 single crystal (0.0006 at.% Cr5+)
were investigated both theoretically and experimentally. Temperature dependences of spin–lattice relax-
ation time T1 and phase memory time TM were measured in the temperature range 6–30 K at high
(94 GHz, W band) and low (3.5 GHz, S band) frequencies of electron spin resonance. It follows from TM

calculations that phase relaxation of Cr5+ ion arises mainly from magnetic dipole interactions between
the chromium ions.

Anomalously fast damping of Rabi oscillations is detected in both S- and W-band experiments. It is
shown that this phenomenon is caused by microwave field inhomogeneity inside the resonator. Relations
between the damping time of Rabi oscillations, Rabi frequency and the crystal sample size are obtained.
Lumped-element resonators and smaller sample dimensions are suggested to lower spin dephasing dur-
ing transient nutations.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

The fundamental obstacle to successful implementation of a
quantum computer is decoherence problem [1]. The quantum bits
(qubits) must be put into such environment that their behavior is
coherent while they are manipulated during quantum computa-
tion process. One possible realization of qubit is an electron spin
operable with the application of magnetic field flipping pulses
[1–3].

Recently, paramagnetic ions diluted in diamagnetic solid matri-
ces have been proposed as possible qubit implementations,
namely, rare earth [4–6] and transition metal ions [7–11]. The spin
manipulation in such systems is achieved by application of short
microwave (MW) pulses as part of electron spin resonance (ESR)
experiments. Due to highly elaborated experimental techniques
available in the field of magnetic resonance and relatively short qu-
bit switching times such implementations are advantageous.

One of the most famous effects in magnetic resonance where
quantum coherence manifests itself is the electron spin-echo
(ESE) phenomenon. The resultant echo amplitude is lessened by
irreversible loss of magnetization during the time between and
after the pulses of the spin-echo sequence (i.e., in the absence of
MW magnetic field). Here the time of application of resonant
MW field is limited by the duration of the pulse, which is much less
than phase coherence time TM. In case of sufficiently small dopant
ll rights reserved.

).
concentrations, TM can exceed 100 ls, along with the number of
coherent single-qubit operations QM reaching 104 [6].

In quantum computation, one needs to apply sufficient amount
of successive MW pulses. Thus, apart from TM, it is crucial to know
the spin coherence time during the spin transient nutation. The
measure of such coherence is the damping time sR of so-called Rabi
oscillations (or transient nutations) [12]. These are quantum oscil-
lations resulting from coherent absorption and emission of pho-
tons under the application of a long resonant MW pulse. The
number of coherent single-qubit operations is defined as
QM = XRTM/p, where XR is Rabi frequency. Up to now, there is a
considerable number of publications indicating anomalously fast
damping of Rabi oscillations (RO) of paramagnetic impurities di-
luted in crystal matrices. Probably the first observations were car-
ried out for E0-centers in glassy silica and for [AlO4]0 centers in
quartz [13–15]. They revealed the peculiar linear dependence of
s�1

R on XR:

s�1
R ¼

1
2

T�1
M þ bXR; ð1Þ

with the dimensionless coefficient b � 10�2�10�1. Apart from
[13–15], the anomalous damping of RO was observed recently in
Er3+-doped [4,5] and Yb3+-doped [6] CaWO4 crystals, in molecular
magnets Fe4 [8] and V15 [9,10], in MgO:Mn2+ [7] and in K3NbO8:Cr5+

[11]. For ordinary experimental conditions, the second term in (1)
prevails over the first one. For appropriate MW field intensities,
the ratio TM/sR may be as high as 103 [6]. The term T�1

M =2 is
explained in the framework of Bloch model [13]. However, to the
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Fig. 2. Temperature dependence of spin–lattice (T�1
1 , squares) and phase (T�1

M ,
triangles) relaxation rates measured at the central ESR line of Cr5+ ion in CaWO4

crystal. Data are collected in S band (open symbols) and in W band (solid symbols).
Solid line is the fit of T�1

1 to Eq. (2). Dashed and dotted lines represent results of T�1
M

calculations (Eq. (3)) in S and W bands, respectively. The dash-dotted line
represents 1.4 � 10�7 T9 dependence. B0;B1 ? c.
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best of our knowledge, there is still no satisfactory explanation of
the term linear in XR, except, perhaps, the stochastic semi-phenom-
enological model developed in [14,15]. Another distinctive feature
of RO is its decay pattern which is usually weaker than exponential,
containing tens of residual oscillations [4,6]. The damping of tran-
sient nutations might in principle indicate some decoherence pro-
cess occurring in the presence of resonant MW field, and that
would lead to sufficient reduction of QM in the system under
consideration.

In the present work we report an extensive study of coherence
dynamics in CaWO4:Cr5+ crystal at high-frequency W band
(94 GHz) and low-frequency S band (3.5 GHz) ESR. Firstly, we pres-
ent temperature dependences of spin–lattice relaxation time T1

and phase memory time TM of Cr5+ ion and discuss the possible
relaxation pathways that lead to the particular T1(T) and TM(T)
dependences. Secondly, we observe RO and both qualitatively
and quantitatively explain the mechanism of their anomalous de-
cay as the result of MW field inhomogeneity over the crystal sam-
ple volume.

2. Results and discussion

CaWO4 crystal has scheelite structure with lattice constants
a = 5.243 Å, c = 11.374 Å [16]. The Cr5+ ions substitute for W6+ ions
at sites with S4 point symmetry [17]. The ground state of the only
3d electron on the outer shell of the Cr5+ ion is predominantly 3dz2

orbital (z||c) forming a Kramers doublet with almost isotropic g
tensor (gk ¼ 1:989; g? ¼ 1:945 [17,18]). Our crystal field calcula-
tions based on Exchange Charge Model [19] suggest also that the
ground state is separated from the next upper energy level by
the gap of nearly 4000 cm�1. Thus, even at room temperature,
we can regard a single Cr5+ ion in CaWO4 crystal as a two-level sys-
tem suitable for qubit implementation, the degeneracy being re-
moved by the application of external magnetic field.

An example of an echo-detected ESR spectrum of the Cr5+ ion in
CaWO4 crystal at S band is shown in Fig. 1. An intense central line
at 1297 G corresponds to even isotopes of Cr5+ ion with nuclear
spin I = 0, four hyperfine satellites are from odd isotope 53Cr5+

(I = 3/2, natural abundance 9.55%).

2.1. Spin–lattice relaxation time T1

Fig. 2 shows the temperature dependence of T�1
1 measured at

the central line at S band (T = 3–15 K) and at W band (T = 6–
30 K). One can distinguish between several possible contributions
into T�1

1 . Firstly, it is a contribution from direct relaxation pro-
cesses, T�1

1d ¼ AT , where the parameter A is essentially frequency-
Fig. 1. Field-swept echo-detected ESR spectrum of Cr5+ ion in CaWO4 crystal at
resonance frequency 3.53 GHz (S band) showing well-separated central line and
four hyperfine satellites. T = 5 K, B0 ? c.
dependent [20]. In our case direct processes are apparently negligi-
ble at least at T > 6 K since T�1

1 dependences for both ESR bands
coincide in the range of 6–15 K. Secondly, it is a contribution from
Raman relaxation processes which, if calculated in the framework
of Debye model of the phonon spectrum, gives rise to T�1

1R ¼ CT9

term. A rough estimate according to [20] gives C ’ 1.4 �
10�7 s�1 K�9. Both contributions mentioned above describe very
well the T�1

1 ðTÞ dependence for the isostructural CaMoO4:Cr5+ crys-
tal [21], with A = 8 � 10�2 s�1 K�1, C = 1.67 � 10�7 s�1 K�9. How-
ever, the form of T�1

1 ðTÞ dependence for T > 4 K in CaWO4:Cr5+ is
somewhat different from [21], resembling rather exponential than
polynomial dependence on T. It may be explained by the fact that
Debye model is inadequate in the case of CaWO4 crystal, as it was
shown in [22]. More accurate estimates of T�1

1R require elaborate
computations of the low-frequency optical phonon modes which
are beyond the scope of this work. We have found that T�1

1 ðTÞ in
CaWO4:Cr5+ may be well approximated by the following function
(solid line in Fig. 2):

T�1
1 ðTÞ ¼ AT þ B1e�

D1
kBT þ B2e�

D2
kBT ; ð2Þ

with A = 0.3 s�1 K�1, B1 = 3 � 106 s�1, D1 = 39 cm�1, B2 = 1.5 �
108 s�1, D2 = 83 cm�1. The 2nd and 3rd terms in (2) resemble
contributions from Orbach processes [20]. However, that will re-
quire the existence of two upper electronic sublevels with energies
39 and 83 cm–1, which is extremely unlikely since the energy gap
between the ground state and the next upper state of Cr5+ ion is
estimated �4000 cm�1. Instead, these terms apparently relate to
some peaks in the crystal’s phonon density of states (PDS). The
PDS of CaWO4 computed in [22] shows a maximum near D2. As
for D1, a corresponding maximum in PDS may arise from local
lattice perturbations due to activation of the crystal with Cr5+ ions.

2.2. Phase memory time TM

The temperature dependence TM(T) for the central ESR line mea-
sured in the range of 3–30 K is presented in Fig. 2. The interpreta-
tion of TM times will be given here in accord with the existing
model of phase relaxation of magnetic impurities diluted in dia-
magnetic matrices [23,24]. The phase relaxation of Cr5+ ions in
CaWO4 crystal is attributed to the fluctuations of local magnetic
fields at the sites of magnetic ions. In turn, local magnetic fields
at Cr5+ sites are induced by various interactions:



Fig. 3. Rabi oscillations obtained at the central ESR line of W band. XR = 8 � 107 s�1.
T = 6 K. Experimental data, the results of calculations, and the fit to the Lorentzian
hS||(0)i(1 + (t/sR)2)�1 are represented by thick solid, thin solid and dashed lines,
respectively.
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1. The short-range exchange interactions between Cr5+ ions. Since
the average Cr–Cr distance in our crystal sample exceeds 200 Å,
these interactions are negligible.

2. Superhyperfine interactions between Cr5+ ions and magnetic
nuclei in the crystal lattice. However, the only magnetic nuclei
in the host matrix (183W) are of minor importance due to their
low natural abundance (14%) and low magnetic moments
(0.117 nuclear magnetons).

3. The magnetic dipole (MD) interactions between Cr5+ ions that
cause static broadening of ESR line with the half-width
Dxd ¼ 4p2

9
ffiffi
3
p

�h
Cg2
?l2

B [23], where C is the concentration of Cr5+ ions
and lB is Bohr magneton. For our crystal sample, Dxd = 6 �
104 s�1. It is natural therefore to confine ourselves only to MD
interactions as the main source of phase decoherence in
CaWO4:Cr5+ crystal. In turn, MD interactions between Cr5+ ions
result in two mechanisms of decoherence: spectral diffusion
(SD) and instantaneous diffusion (ID) [24].

In the case of ID, the fluctuations of local magnetic fields are in-
duced by spin flips caused by p/2 and p pulses in ESE pulse se-
quence. Due to crystal defects and local magnetic fields, ESR lines
of paramagnetic centers in solids are inhomogeneously broadened.
The spin-echo sequence in TM measurements is used to get rid of
static local magnetic fields. However, the Cr5+ ions that have their
Larmor precession frequencies close to resonance undergo rota-
tions, and thus their contribution to the local magnetic fields is
essentially nonstatic and varies during the ESE experiment.
Roughly only the Cr5+ ions with Larmor precession frequencies de-
tuned from resonance by values of order XR = g\lBB1/(2⁄) contrib-
ute to such fluctuations (B1 being the amplitude of linearly
polarized microwave field, B1 ? c). The corresponding relaxation
rate is given by the expression jDxdhsin2(h2/2)i [24]. Here j is
the fraction of Cr5+ ions corresponding to the given ESR line (for
the central ESR line, j = 0.9), h2 is the spin nutation angle during
the second (p) pulse in ESE sequence, h. . .i denotes averaging over
the distribution of Larmor frequencies of Cr5+ ions in the ESR line.
For XR < r (2r being the inhomogeneous ESR linewidth), the ESR
line is only partially excited, so hsin2(h2/2)i < 1.

In the case of SD, the fluctuations of local magnetic fields are
attributed to spin flips induced (1) by the spin–lattice interaction
and (2) by MD interaction (flip-flop processes). When T�1

1 < Dxd,
the contribution of the former process into T�1

M is estimated asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T�1

1 Dxd

q
=2 [24] and thus is independent of XR/r. The latter pro-

cess is of importance when the energy of MD interaction between
a pair of spins is comparable to the difference between their Lar-
mor frequencies. Since the ratio Dxd/r� 1 for our crystal sample,
we neglect mutual spin flip-flops. Thus, one obtains the following
formula for the phase relaxation rate T�1

M of Cr5+ ion in CaWO4:

T�1
M ¼ jDxd sin2 h2

2

� �
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T�1

1 Dxd

q
þ T�1

1 ; ð3Þ

where the last term corresponds to the direct contribution to T�1
M

from the spin–lattice relaxation. Note that Eq. (3) contains no phe-
nomenological parameters of any sort. Given C; g?; T1 and the ESR
line profile, the phase memory time calculations are straightfor-
ward. The dependences of T�1

M ðTÞ thus obtained agree very well with
experimental results for both S and W bands (see Fig. 2). As shown
in Fig. 2, the spin–lattice relaxation has almost no effect on phase
relaxation of Cr5+ at temperatures below 10 K, where T�1

M is inde-
pendent of T. There, due to low T�1

1 values, both the 2nd and the
3rd terms in (3) become relatively small. The main contribution
there is ID, which has another evidence: ESE envelopes measured
in that temperature region are exponential �exp(�2s/TM) (charac-
teristic of ID) rather than Gaussian (SD). It means that if we lower
the dopant Cr5+ concentration, we can achieve even longer phase
memory times in the system under consideration. This is strongly
supported by the fact that measured TM time of odd Cr5+ isotopes
with essentially smaller concentration jC in the same crystal sam-
ple reached 0.2 ms. The observed discrepancy by a factor of 3 be-
tween T�1

M values for S and W bands near T = 6 K is due to the
differences in the lengths of p/2 pulses for both bands and inhomo-
geneous widths of ESR lines (0.25 G and 10 G for S and W band,
respectively), which affect the number of spins driven by the MW
pulse and, consequently, the value of hsin2(h2/2)i in Eq. (3).

2.3. Decay of Rabi oscillations

Some of the measured RO are presented in Fig. 3 (W band) and
Fig. 4A (S band). As in recent papers [4–11,13–15], the observed RO
decay rates exceeded both T�1

1 and T�1
M values and depended line-

arly on Rabi frequency. In order to give theoretical interpretation
of this anomalous decay, we perform direct calculation of RO in
the presence of strong inhomogeneous broadening of ESR line
and MW magnetic field distribution inside the resonator.

Firstly, we take into account the damping of average magnetiza-
tion due to inhomogeneous broadening of ESR line. We consider a
typical situation of strong broadening, when the line width ex-
ceeds the nutation frequency, i.e. r > XR. It means that only a part
of Cr5+ ions contained in the crystal sample is involved in transient
nutations. We assume that at t = 0, when the linearly polarized
MW magnetic field B1 cos x0t is turned on, the average magnetiza-
tion is parallel to B0. Then we introduce reference frame rotating
around the direction of B0 with frequency x0. There the magneti-
zation S(e, t) of a single spin packet detuned from resonance by

e = x �x0 rotates at frequency f ðeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

R þ e2
q

, and its projection

S||(e, t) along B0 is [25]:

Skðe; tÞ �
X2

R cosðftÞ þ e2

X2
R þ e2

: ð4Þ

Let us perform the averaging over the spectral position of Cr5+

ion in ESR line, i.e. integrate over the ESR line shape g(e). Since
r > XR, we assume g(e) � g0 and extend the integration limits to
infinity:

hSkðtÞi ¼
Z

gðeÞSkðe; tÞde ’ g0

Z 1

�1
Skðe; tÞde � j0ðXRtÞ; ð5Þ

where we have neglected the term independent of t in Eq. (4); j0(m)
in Eq. (5) is the integral from zeroth-order Bessel function J0(m):



A

B

Fig. 4. Rabi oscillations obtained at the central ESR line of S band. XR = 5 � 107 s�1, T = 5 K. A – experimental data (solid line) and the fit to hSkð0Þie�jDxd t=2ð1þ ðt=sRÞ2Þ�3=4 with
sR = 2.2 ls (dashed line). B – the results of calculations assuming 96% MW magnetic field homogeneity inside the crystal sample.
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j0ðmÞ ¼
Z 1

m
J0ðm0Þdm0:

Using an asymptotic representation of Bessel function, we de-
rive the approximate formula:

j0ðmÞ ’
ffiffiffi
2
p
ð1þ ðpmÞ2Þ�1=4 cos mþ p

4

� �
; ð6Þ

which is a good approximation when m� 1 and a very rough one
when m � 1.

Secondly, we take into account the MW magnetic field distribu-
tion inside the resonator. It is formed by standing waves of MW
field inside the rectangular or cylindrical resonant cavity. The role
of MW field inhomogeneity in the damping of Rabi oscillations is
indicated in [26,27]. However, to the best of our knowledge, there
is still no quantitative description of the effect, i.e. the dependence
of the corresponding damping time on the crystal sample size, res-
onator type and Rabi frequency. Note also that this effect was ne-
glected in Refs. [4–11]. We start with the transverse electric TE011

cylindrical mode commonly used in ESR spectroscopy. In cylindri-
cal coordinates (q, z, u), the components of the amplitude vector
B1 of MW magnetic field inside the cylindrical cavity of length L
and radius R operating at TE011 mode are [28]:

B1q � �J00
m01q

R

� �
sin pz

L

B1u ¼ 0
B1z � J0

m01q
R

� �
cos pz

L ;

8><
>: ð7Þ

where J00ðmÞ is the first derivative of J0(m), m01 = 3.832 is the first root
of J00ðmÞ. Assuming small filling factor, we can neglect the change of
B1 distribution in the presence of the crystal sample. A small crystal
sample is placed at the center of the cavity (q = 0, z = 0), where MW
magnetic field is the most homogeneous. There only z component of
B1 is essential in Eq. (7). Rabi frequency XR(r) of Cr5+ ion placed at
the point r(q, z, u) in the sample is given by the relation
XRðrÞ ¼ g?lBB1ðrÞ=ð2�hÞ. The number of spins involved in transient
nutations at the point r is proportional to XR(r). We make a reason-
able suggestion that Cr5+ ions have a random spatial distribution in
the crystal not correlated to their spectral position within the ESR
line. Then, instead of Eq. (5), hS||(t)i is given now by the following
integral over the sample volume V0:

hSkðtÞi �
Z

V0

XRðrÞj0ðXRðrÞtÞdV

’ XR

Z
V0

j0 J0
m01q

R

� �
cos

pz
L
	XRt

� �
dV ; ð8Þ

where we write henceforth XR 
XR(r = 0). Since the sample dimen-
sions are small compared to those of the resonator:

J0
m01q

R

� �
’ 1� 1

4
m01q

R

� �2
; cos

pz
L
’ 1� 1

2
pz
L

� �2
;

hSkðtÞi �
Z

V0

j0 1� m01q
2R

� �2
� pzffiffiffi

2
p

L

	 
2
 !

XRt

 !
dV :

Now let us introduce dimensionless variables ~q ¼ m01q
2R ; ~z ¼ pzffiffi

2
p

L
,

change to spherical coordinates (r, h, a), with r2 ¼ ~q2 þ ~z2, and inte-
grate over h, a:

hSkðtÞi �
Z 1

0
j0ðð1� r2ÞXRtÞHðrÞr2dr;

where r2H(r) is the area of the sample spherical surface at radius r.
Obviously, the spherical angle H(r) = 4p for 0 6 r 6 r0, and H(r) = 0
for r > rmax, with r0 < rmax� 1 being minimal (r0) and maximal
(rmax) dimensionless radii of the sample. At r0 < r 6 rmax the func-
tion H(r) gradually declines from 4p to 0. Its exact form in that
range depends on the shape of the sample and is inessential in
our schematic calculations. We assume HðrÞ ’ 4pe�r2=r2

max in the
whole range 0 6 r <1, the form that roughly meets the above crite-
ria. Employing Eq. (6), we obtain in the limit XRt� 1:

hSkðtÞi � ð1þ ðpXRtÞ2Þ�1=4
Z 1

0
cos ð1� r2ÞXRt þ p

4

� �
e�r2=r2

max r2dr:

The integration yields

hSkðtÞi �
S0ðtÞcosðXRt þ p=4Þ; 1� XRt � r�2

max

S0ðtÞ cosðXRt � p=2Þ; XRt � r�2
max;

(
ð9Þ
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where the amplitude of oscillations equals

S0ðtÞ ¼ S0ð0Þ 1þ ðpXRtÞ2
� ��1=4

1þ ðr2
maxXRtÞ2

� ��3=4
: ð10Þ

It means that at XRt � r�2
max the damping of longitudinal magne-

tization follows the polynomial time dependence (XRt)�2. It is easy
to show that at conditions rmax � 1; r2

maxXRt � 1 assumed above
the asymptotic behavior �(XRt)�2 is independent of the exact form
of H(r).

In the case of weak broadening r�XR, we replace j0 in Eq. (8)
by cosine and similarly get

S0ðtÞ ¼ S0ð0Þð1þ ðr2
maxXRtÞ2Þ�3=4

; XRt � 1: ð11Þ

Thus, in this case the decay pattern of RO after a number of oscilla-
tions also becomes polynomial, with the amplitude �(XRt)�3/2.

Provided with the dimensions of the sample and the resonator
used in experiments, we can calculate the decay function of RO
more precisely. Our W-band measurements were carried out at
MW frequency of 93.9 GHz using standard Bruker W-band cylin-
drical resonator with L � 3 mm, R � 2.3 mm operating at TE011

mode. A quartz tube of 0.5 mm in diameter contained the crystal
sample in the form of a thin rod with approximate dimensions
lx � ly � lz = 0.3 � 0.3 � 1 mm. The tube was placed at the center
of the resonator parallel to its z-axis. The distribution of the MW
magnetic field amplitude B1(r) calculated by Eq. (7) at the cross-
section of the sample containing z-axis is shown in Fig. 5. B1(r) is
maximal at the center of the sample (r = 0) and decreases to 0.84
B1(0) at the edges.

The inhomogeneous width of the central ESR line at W band is
�10 G, thus the condition r > XR in our measurements is justified
(see Fig. 3). The numeric integration over the sample volume in Eq.
(8) gives hS||(t)i dependence which is in good agreement with the
experimental one (see Fig. 3). Also, the predicted phase shift of
3p/4 between the oscillations in the range 1� XRt � r�2

max and
XRt � r�2

max (Eq. (9)) manifests itself in experimentally observed
gradual decrease of their period from the initial 88 ns at t = 0 down
to 75 ns.
Fig. 5. B1ðrÞ distribution inside the crystal sample used in W-band experiments,
calculated according to Eq. (7). The gray scale represents the fraction B1ðrÞ=B1ð0Þ,
where B1(0) denotes the MW field amplitude at the center of the cavity.
To obtain the characteristic damping time of RO, we fit the
amplitude of RO to Lorentzian hS||(0)i(1 + (t/sR)2)�1. This form is
more appropriate to our model (Eq. (10)) than the exponential
hSkð0Þie�sR=t one used in previous works [4,6]. The resultant fitting
curve (dashed line in Fig. 3) corresponds to sR = 105 ns.

In order to check the validity of Eq. (1), RO measured at different
intensities of MW field were obtained at the central ESR line of W
band. The resultant s�1

R ðXRÞ dependence depicted in Fig. 6 is linear:
s�1

R ¼ bXR, with b = 0.11. Since T�1
M � bXR, the first term of Eq. (1) is

indistinguishable. Thus, phase relaxation of Cr5+ ions does not af-
fect the decay of transient nutations and was neglected in our cal-
culations. The peculiar linear dependence of s�1

R on XR is simply
explained by the fact that all the equations in the above model con-
tain variables t and XR as the product XRt. It follows from Eqs. (9)
and (10) that

hSkðtÞi � ð1þ ðpXRtÞ2Þ�1=4ð1þ ðbXRtÞ2Þ�3=4 sinðXRtÞ; XRt � r�2
max;

ð12Þ

where r2
max � b ¼ 0:11. Thus, we obtain a rough estimate

rmax � 0.33. It is in good agreement with rmax ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

01ðl
2
x þ l2

yÞ=16R2 þ p2l2
z =8L2

q
¼ 0:41 derived from the actual size,

shape and orientation of the crystal sample in the cavity. More elab-
orate calculations involving numeric integration in Eq. (8) provide
even better agreement between the calculated and detected decays
of Rabi oscillations, as seen in Fig. 3.

Note that the observed decay of RO is not an artifact of our
experimental setup. In case of microwave cavities, the spatial dis-
tribution of B1 amplitude is formed by standing waves inside the
resonator and thus experimentally unavoidable.

As another example of strong line broadening, we re-examined
the results of our previous work on CaWO4:Yb3+ [6] and found that
after a number of oscillations the transient nutations of Yb3+ ion at
X and W bands follow the expected decay pattern (XRt)�2.

In order to investigate the RO decay pattern in the case of weak
line broadening, measurements of RO were carried out at low-
frequency S band. Here the inhomogeneous width of the central
ESR line is only �0.25 G, thus satisfying the condition r�XR in
the experimental range of XR. Due to MW wavelength of 8.5 cm,
conventional cylindrical or rectangular cavities at S band become
cumbersome. Lumped-element resonators with smaller physical
size at low frequencies are preferable. As compared to conven-
tional resonant cavities, they provide higher filling factors thus
Fig. 6. Dependence of RO decay time on Rabi frequency, s�1
R ðXRÞ, derived from the

measurements of Rabi oscillations at the central ESR line of W band (squares), the
linear fit 0.11 	XR (solid line). T = 6 K.
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enabling to use smaller samples. In our S-band measurements, we
used four-loop, four-gap cylindrical bridged loop-gap resonator
(BLGR [29]) with 5.5 mm loop diameter and 10 mm length (see
Fig. 7). It produced axially oriented MW magnetic field B1z(r) and
was tuned to MW frequency of 3.53 GHz. The detailed description
of the particular S-band spectrometer can be found in [30]. A
quartz tube containing the crystal sample with dimensions
lx � ly � lz = 1.4 � 2.8 � 2.4 mm was placed at the center of BLGR
where the MW magnetic field homogeneity is maximal. The mea-
sured RO exhibit very slow damping, where more than 100 oscilla-
tions are distinguishable (see Fig. 4A). Since RO at S band are
observed at t comparable to TM, the phase relaxation here is not
negligible and must be taken into account in the above model.
We assume that r�XR, thus nutation frequencies of different
Cr5+ ions in the ESR line are almost identical. The Hamiltonian of
magnetic dipolar interaction between two chromium ions in the
case of magnetic isotropy gk � g? � ge ¼ 2 equals

H12 ¼
g2

el2
B

r3 ðS1 	 S2Þ �
3ðS1 	 rÞðS2 	 rÞ

r2

� �
; ð13Þ

where S1, S2 are the spins of the two ions, r(x, y, z) is the radius-vec-
tor connecting the ions.

Rewriting Eq. (13) in the same rotating reference frame (RRF)
used in the calculations above and preserving only time-indepen-
dent terms, we obtain

HRRF
12 ¼

g2
el2

B

r3 ð1� 3 cos2 h12Þ S1zS2z �
1
2
ðS1xS2x þ S1yS2yÞ

� �
; ð14Þ

with cos h12 = z/r. We have chosen the system of coordinates in RRF
such that the fields B0 and B1 are aligned along z and x axes, respec-
tively. Accounting for the term �S1zS2z in Eq. (14), we obtain the
shift of Larmor frequency of the first ion due to its interaction with
the second ion

Dx12 ¼
g2

el2
B

r3 ð1� 3 cos2 h12ÞS2z: ð15Þ

Performing summation over all spins and averaging over the
spin spatial distribution in the crystal, one obtains the rms shift
of Larmor frequency Dxd [23]. That causes the static broadening
of ESR line with the half-width Dxd. Accounting for the term
�S1xS2x in Eq. (14) and following the same procedure, we obtain
that the rms shift of Rabi frequency of Cr5+ ion equals jDxd/2 (only
jth part of the spins corresponding to excited ESR line undergo
nutations and thus their time-averaged magnetization along the
x axis in RRF is non-zero). The value of jDxd/2 corresponds to
Fig. 7. A – a side view, B – a cross-section of four-loop, four-gap cylindrical bridged
loop-gap resonator (BLGR) used in the S-band measurements. Its resonant structure
is formed by four thin metallic layers of 10 mm length adjusted to the inner and
outer surfaces of a cylindrical quartz support (25 mm length and 5.5 mm inner
diameter).
the half of the first term in Eq. (3) and to T�1
M =2 in Eq. (1). Thus,

now we can correct our Eq. (8) for RO decay introducing phase
relaxation factor e�jDxdt=2 and substituting cosine for j0:

hSkðtÞi � e�jDxdt=2
Z

V0

XRðrÞ cosðXRðrÞtÞdV : ð16Þ

The MW magnetic field inhomogeneity inside BLGR arises
mainly from the gaps in its metallic layer. Unfortunately, we have
not accomplished the detailed measurement of B1(r) distribution
inside the BLGR. However, the approximation of the data obtained
from similar resonators [31–33] provides us with an estimate of
0.96 B1(0) at the edges of the crystal sample in the xy plane of
BLGR. Roughly, we can assume cosine distribution of the MW
magnetic field amplitude in the xy plane: B1zðqÞ ¼ B1zð0Þ cosðkqÞ;
q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, with the parameter k corresponding to 96% MW field

homogeneity inside the sample. After numeric integration in
Eq. (16) we obtain the decay pattern depicted in Fig. 4B. The slight
superimposed modulations of the amplitude of RO seen in Fig. 4A
and B originate from the beating of the magnetization from the
center of the crystal sample (where the field homogeneity is high-
est) and from its edges.

In order to obtain characteristic damping time of RO, we use the
fit to the function hSkð0Þie�jDxdt=2ð1þ ðt=sRÞ2Þ�3=4, in accord with
Eq. (11). The resultant dependence corresponding to sR � 2.2 ls
is represented by the dashed line in Fig. 4A. The measurements
of RO amplitude decays at different values of XR were successfully
approximated by the expression hSkð0Þie�jDxdt=2ð1þ ðbXRtÞ2Þ�3=4,
with b = 0.009.

Finally, we would like to draw comparison between our model
of decay of Rabi oscillations and the stochastic semi-phenomeno-
logical model of Shakhmuratov et al. [14,15]. In their model, they
suggest that in the presence of resonant external MW magnetic
field B1e�ix0t in the crystal also appears additional stochastic com-
ponent transverse to B0 and with the amplitude proportional to B1,
namely, B1ðh1ðtÞ þ ih2ðtÞÞe�ix0t [14]. Further, under assumptions
r > XR; T

�1
M , they arrive to the term bXR in Eq. (1). Since the param-

eter b in their measurements [15] appears to depend on the con-
centration of paramagnetic impurity, they ascribe the stochastic
magnetic field to MD interactions between paramagnetic ions.

Let us estimate the contribution of MD interactions to such sto-
chastic field in our case. It is the same fluctuating local magnetic
field that causes the damping of Rabi oscillations with the rate
jDxd/2 in the weak broadening case r�XR (Eq. (16)). The deriva-
tion of the analogous contribution in the strong broadening case
r > XR is straightforward. Roughly, only the part of spins �XR/r
in the ESR line undergo rotations when the resonant MW field is
applied and thus contribute to the transverse stochastic field. Fol-
lowing the same argumentation as in Eqs. (13)–(15), we obtain the
contribution to the damping rate of Rabi oscillations due to MD
interactions: s�1

RðdÞ � jDxdXR=2r. That gives

bðdÞ � jDxd=2r ¼ 2p2jCg2
?l2

B

9
ffiffiffi
3
p

r�h
: ð17Þ

For the central ESR line of W band b(d) = 3 � 10�4, which is nearly
400 times less than the value of b(MW) = 0.11 calculated for Ca-
WO4:Cr5+ crystal in the framework of our MW field inhomogeneity
model.

The concentration dependence of b is an arguable question.
When MD mechanism of the damping dominates (i.e. b(d)� b(MW)),
one expects linear dependence of b on spin concentration C (Eq.
(17)). The earlier studies [13] of E0 centers in glassy silica and of
[AlO4]0 centers in quartz suggested that b is concentration inde-
pendent. However, later measurements [15] of E0 centers revealed
b � C. The estimates of b(d)(C) for E0 centers according to Eq. (17)
are a few times lower than the actual values of b(C) [15]. More



E. Baibekov et al. / Journal of Magnetic Resonance 209 (2011) 61–68 67
accurate estimates of b(d) together with the interpretation of the
dependence b(C) measured in [13,15] will be presented in a sepa-
rate paper. The underestimation b(d)� b takes place also in case of
V15 [10], although the authors of [10] claim that MD interactions
between different V15 molecular magnets are responsible for the
damping of Rabi oscillations in the specific range of XR. Thereby,
we doubt the assertion that the term bXR in Rabi decay rate in
[13–15,10] is caused only by MD interactions between paramag-
netic impurities.

There are at least two experimental confirmations indicating
that the stochastic model [14,15] is inadequate in the case of Ca-
WO4:Cr5+ crystal samples used in the present work. Firstly, in order
to investigate the dependence of sR on the concentration of para-
magnetic ions, we measured RO decays of odd chromium isotopes
at S and W bands. The obtained values of sR were comparable to
those of the central ESR line, in agreement with the fact that the
contribution b(MW) in b is concentration independent. Secondly,
as was mentioned above, the stochastic model [14,15] is valid only
when r > XR. However, we observed and successfully explained
the decay of Rabi oscillations even when r�XR (S band). Both
these facts indicate that, at least for the given crystal samples
and under the specified experimental conditions, the decay of Rabi
oscillations is induced by MW field inhomogeneity inside the
resonator.
3. Conclusions

In the present work we have investigated decoherence pro-
cesses responsible for the reduction of the number of coherent sin-
gle-qubit operations QM of Cr5+ ions in CaWO4 single crystal
(0.0006 at.% Cr5+). Comparison of the experimental and calculated
phase memory times TM revealed that phase relaxation of Cr5+ ions
at liquid helium temperatures is mostly caused by instantaneous
diffusion. Since the impact of ID on TM is concentration-dependent,
larger QM values can be achieved for the crystals with lower Cr5+

concentrations.
The decay of Rabi oscillations under specific experimental con-

ditions was found to be mostly due to intrinsic spatial distribution
of MW magnetic field intensity inside the crystal sample. All of the
following distinctive features observed experimentally were suc-
cessfully explained in the framework of our RO decay model: (1)
essentially non-exponential, rather polynomial RO damping pat-
tern; (2) linear dependence of characteristic damping times on
Rabi frequency; (3) the superimposed modulations of RO ampli-
tude at S band; (4) characteristic damping times do not depend
on the concentration of paramagnetic impurity. In both cases –
weak (S band) and strong (W band) ESR line broadening – the cal-
culated RO decays very well agree with experimental data. We
hope that the obtained results can avail in future studies of Rabi
oscillations in magnetically diluted solids. Bridged loop-gap reso-
nators and smaller crystal samples are suggested to increase MW
field homogeneity inside the sample. Furthermore, it is possible
to use BB1 composite pulses to get rid of the damping of Rabi oscil-
lations due to MW field inhomogeneity [28].

The possible future implementations of diamagnetic solids with
paramagnetic impurities in quantum computation will require
selective address to a single spin. The MW field inhomogeneity
causes mutual dephasing of magnetizations of spins located at dif-
ferent points in the crystal. Therefore, the observed RO decay does
not in principle affect QM since during the transient nutations each
single spin state remains coherent. However, the results obtained
in the present work will help to separate relaxational and ‘‘inho-
mogeneous’’ parts of experimental decay rates of Rabi oscillations
in future studies. In particular, we believe that the model devel-
oped here can at least partly explain recent observations of anom-
alous damping of Rabi oscillations in various magnetically diluted
solids.

4. Experimental

The sample of CaWO4 single crystal with 0.0006 atomic% Cr5+

(7.6 � 1016 ions/cm3) was grown by the Czochralski method in
Magnetic Resonance Laboratory of Kazan State University by N.A.
Karpov.

Measurements of continuous-wave and echo-detected ESR
spectra were performed using Bruker Elexsys E680 W-band and
home-built S-band [30] pulse spectrometers at temperatures 3–
30 K with both static magnetic field B0 and MW field B1 perpendic-
ular to the crystal c axis. In all experiments, the lengths of p/2
pulses were 24 and 28 ns for S and W bands, respectively. Measure-
ments of T1, TM and sR were performed mostly at central ESR line.
However, in order to investigate how the reduction of Cr5+ ion con-
centration would affect the coherence times, some data were ob-
tained at high- and low-field hyperfine components.

The spin–lattice relaxation times T1 were obtained through an
inversion-recovery pulse sequence p � s0 followed by spin-echo
sequence p/2 � s � p – echo. There s0 was incremented and s kept
fixed (240 and 8000 ns for S and W bands, respectively).

The phase memory times TM of Cr5+ ion in CaWO4 crystal were
detected through two-pulse Hahn spin-echo sequence p/2 � s � p
– echo.

RO were recorded through the following pulse sequence: nuta-
tion pulse t – delay – p/2 � s � p – echo. There the nutation pulse
of length t was followed by a delay longer than TM in order to get
rid of transverse component of the average magnetization. After
that, the remaining longitudinal spin component hS||(t)i parallel
to B0 was obtained after two-pulse echo sequence.
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